Abstract. In this paper we consider the Quillen-Lichtenbaum conjecture for number fields using description of the higher K-theory in terms of SK 1 groups.
Introduction
Let F be a number field and let n be a non-negative integer. Fix an odd prime l. We define the wild kernel W K n (F ) as the kernel of the localization map in K-theory of F :
The symbol v denotes the usual direct product. When n is even, the image of λ n is contained in v K n (F v ). However for n odd, the image is not contained in the direct sum, cf. diagram (3.4) below and [AB, Theorem 1] . The group W K n (F ) is interesting because we have: Proposition A. [Prop. 5.1.] For each n ≥ 0
where O denotes the ring of integers of F. In particular, the group W K n (F ) is finite.
By [B, theorem 2] there is the following long exact sequence.
where v runs over finite places of F. In [B] the group K w 2n (O) l was called the l-part of the wild kernel for K 2n (F ). We expect that the groups W K 2n (F ) l and K w 2n (O) l coincide. It is unknown in the moment, since we do not know the K-theory with coefficients in Z/l k of a local field in the case when l is divisible by the residue characteristic, except for the case of Q l which follows by results of Bökstedt and Madsen [BM] .
We propose the following conjecture.
Conjecture B. For all number fields F and for all n ≥ 0 we have:
where divK n (F ) is the group of divisible elements in K n (F ).
In section 5 of the paper we give the following condition for equivalence of the above conjecture with the Quillen-Lichtenbaum conjecture for the number field F [DF, p. 273] .
Theorem C. [Th. 5.2.] (a) Assume that the following maps:
are isomorphisms for all v which divide l and for all m > 0. Then the Quillen-Lichtenbaum conjecture for F is equivalent to the conjecture B for all indices n > 1. (b) If F = Q, then the Quillen-Lichtenbaum conjecture and conjecture B are equivalent.
Theorem D.
[Th. 5.5.] The conjecture B holds true for all number fields F and for 0 ≤ n ≤ 3. In addition, it holds true for n = 4 and F = Q.
For another reformulation of the Quillen-Lichtenbaum conjecture see [BZ1, p. 390] .
By [BZ2, theorem, p.161] and a result of Dayton and Weibel [DW, Corollary 5 .3] we get the following exact sequence involving the wild kernel (see Section 6).
In this way we reformulate the conjecture B in terms of elementary linear algebra, number fields and algebraic properties of the square rings F n . In the last section of the paper we investigate W K n (F ) using the description of the higher K-theory in terms of SK 1 .
Notation
(1) We fix an odd rational prime l.
(2) Let F be a number field and let O be its ring of integers. (6) For a commutative ring with identity R and for n > 0 we denote by R n the square ring:
(7) Let K * (−) (K * (., Z/l k ) resp.) denote the Quillen K-theory (K-theory with coefficients defined by Browder and Karoubi, resp.).
, resp.) denote the etale K-theory (etale K-theory with finite coefficients, resp.) defined by Dwyer and Friedlander. (9) For an abelian group G we denote by G l its l-torsion part and by G[l k ] the elements of G with orders dividing l k . (10) div A = r>1 A r denotes the subgroup of infinitely divisible elements inside an abelian group A.
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Introductory computations
The computations below follow easily from well-known results but we include some detailed explanations for the convenience of the reader. By [Su1] we have the following isomorphism for all l different from the residue characteristic of k v , for all j > 0 and all nonnegative n.
Using the Bockstein exact sequences for K-theory with finite coefficients we get the following diagram.
(2.1)
The diagram (2.1) shows that the group K 2n (O v ) is l-divisible for all n > 0. Consider also the following commutative diagram:
Consider n > 0. From the diagram (2.1) we see that if j is big enough, then we have:
Hence, the l-torsion part of the group K 2n−1 (O v ) l can not be divisible. In addition, we see that: 
We know by [BZ1, p. 386 ] that:
and the group l j 0 K 2n (F v ) is uniquely l-divisible. We can also write:
Hence, we observe that the boundary map in the localization sequence (2.4) sends the subgroup
and it sends 0
It follows that the map:
is surjective. We know that this map is injective because
The case of odd indices
Observe that by [DF, Theorem 8.7] and [So2, Theorem 1, p. 375] we have the following isomorphism:
torsion. This implies that we have the following surjection:
Assume that v does not divide l. Consider the following commutative diagram:
It is easy to see that the bottom horizontal arrow in the diagram (3.2) is an imbedding for all v which do not divide l. This shows that the kernel of the upper horizontal arrow is equal to the kernel of the upper, left vertical arrow. Hence, we can conclude the following result.
Lemma 3.3. The Quillen-Lichtenbaum conjecture holds for K 2n+1 (O) if and only if the reduction map:
is injective for some v which does not divide l. The Quillen-Lichtenbaum conjecture for K 2n+1 (O) is also equivalent to the injectivity of the map:
Let us consider the following diagram:
By the lemma 3.3, the diagram (3.4) and the isomorphism (2.3) we obtain the following proposition.
Proposition 3.5. The Quillen-Lichtenbaum conjecture holds for K 2n+1 , n > 0, if and only if the following localization map:
The case of even indices
Consider the following commutative diagram.
(4.1)
The maps δ and δ v come from Quillen localization sequences in K-theory [Q1] . We can write v instead of v for the upper horizontal arrow in diagram (4.1), because of the isomorphism (2.5). The diagram shows that:
The wild kernel K w 2n (O) l was defined by (1.1) cf. [B, p. 288] . At the moment we can not compare the groups K w 2n (O F ) l and W K 2n (F ) l , since we do not know the groups K n (O v ; Z/l k ) for v dividing l except for the case when F = Q which is known by results of [BM] . Observe that the definition of the group W K n (F ) makes sense for every l, including l = 2 and that for n = 2 it agrees with the definition of the classical wild kernel for the functor K 2 . By [DF, theorem 8.5, p.275] and by Bockstein sequences we obtain the following natural surjection:
This surjection is an isomorphism for every v which does not divide l, as we can easily check using results of [Su1] which have been already mentioned. In addition, due to [DF, Prop. 5.1, p.260] and [T, prop. 2 .3] we have natural isomorphisms:
Let D n+1 (F ) denote the group of divisible elements in H 2 (F ; Z l (n + 1)) l cf. [Sch, p. 192] . Consider the following commutative diagram.
Lemma 4.3. Assume that the natural maps:
are isomorphisms for all v which divide l. Then the Quillen-Lichtenbaum conjecture for K 2n , n > 0, is equivalent to the statement that the left vertical arrow in the diagram (4.2) is an isomorphism.
Proof. Observe that by our assumption the right vertical arrow in (4.2) is an isomorphism. Simple diagram chasing in the diagram (4.2) shows that the left vertical arrow is an isomorphism if and only if the middle vertical arrow is an isomorphism. Hence, our lemma follows by [B, remark 7, p. 295] .
Comparison of conjectures
The diagrams (3.4), (4.1) and [AB, Theorem 1] give us the following statement.
Proposition 5.1. For each n ≥ 0:
hence the group W K n (F ) is always finite.
Our computations of the previous sections suggest that we should expect that the following conjecture holds true.
Conjecture B.
Up to 2-torsion:
for any n and for any number field F .
Theorem 5.2.
(a) Assume that the following maps:
are isomorphisms for all v which divide l and for all m > 0. Then the Quillen-Lichtenbaum conjecture for F is equivalent to the conjecture B for all indices n > 1. (b) If F = Q, then the Quillen-Lichtenbaum conjecture and conjecture B are equivalent for n > 1.
Proof. a) We observe that K 2n+1 (F ) = K 2n+1 (O) for n > 0 due to [Q1, Theorem 5] and [So1, Theoreme 3, p. 274] . In addition, K 2n+1 (O) is a finitely generated abelian group [Q2, Theorem 1, p. 179] . Hence divK 2n+1 (F ) = 0 for n ≥ 0. Note that Mi, p. 28 ] so divK 1 (F ) = 0. So the theorem follows by proposition 3.5 and lemma 4.3. b) By the results of Bökstedt and Madsen [BM, p. 29] , see also [HM, p. 30 ] the assumption of point (a) holds true for F = Q. Proposition 5.3. For every odd prime l we have:
Proof. Let us first prove the first statement. For F = Q and n even, the right vertical arrow in diagram 4.2 is an isomorphism. In addition the group H 2 (F v ; Z l (n+1)) l is finite [Sch, Satz 4(i) p. 188] for every l odd and every finite prime v of F. Hence, the group div K 2n (Q) l is contained in the kernel of the upper, right horizontal arrow of diagram 4.2. For n odd the first statement is trivial since div K 2n+1 (F ) = 0 for all n ≥ 0. The second statement follows from diagram 4.2 and the definition of K w 2n (Z) l cf. [B] . Remark 5.4. It follows by [B, theorem 3, p. 289 ] that:
In addition we have:
Let us use the isomorphism K 22 (Z) = SK 1 (Z 22 ). We can find a matrix A ∈ SL(Z 22 ) corresponding to an element of order 691 in divK 22 (Z), such that its inverse can be found by the standard formula involving adjoint matrix, but we cannot find the inverse of A using Gauss-Jordan algorithm. In addition let us consider A as a matrix in SL((Z l ) 22 ). Then by proposition 5.3 we are able to find the inverse of A using Gauss-Jordan algorithm in SL((Z l ) 22 ) for every l.
Theorem 5.5. Conjecture B holds true for all number fields F and for 0 ≤ n ≤ 3. In addition, it holds true for n = 4 and F = Q.
Proof. It is obvious for n = 0 and n = 1. For n = 2 it was proven by Tate cf. [Ba, p.250] . For n = 3 this is a consequence of the well-known result of Merkurjev and Suslin [MS, p.342] which verifies the Quillen-Lichtenbaum conjecture for K 3 , so we can see that our conjecture B holds in this case as follows by the diagram (3.2). By [RW] we know that K 4 (Z) = 0. Hence, div K 4 (Q) = 0 and W K 4 (Q) = 0 as subgroups of K 4 (Z).
Conjecture B and matrices
In this section, for the convenience of the reader, we enclose some results from the paper [BZ2] . Let R denote any commutative ring with identity. For n > 0 let us denote by R n the ring:
For n = 0 we put R 0 = R. The ring R n is called the square ring. To simplify notation we put T = (t 1 , t 2 , ..., t n ) and
Observe that:
n + (terms of total degree smaller than 2n). 
Remark 6.4. Let R be a field, the ring of integers in a number field or a local ring. Then K 1 (R) = R * [Mi, p. 28] . Hence, if R is a field or the ring of integers in a number field or R is a regular, local ring which is a domain, then by the remark 6.3 and lemma 6.2 we get:
cf. [DW, Corollary 5.3] . In particular, the definition of the group W K n (F ) can be rewritten as the following exact sequence.
Remark 6.5. Let A ∈ SL(F n ). Let [A] denote the class of the matrix A in the group SK 1 (F n ) tor . Then [A] ∈ W K n (F ) if and only if A is row-or column-equivalent or both row-and column-equivalent to the identity matrix in SL(F vn ) for each v.
It is easy to show that in the case of even indices we have the following exact sequence.
Remark 6.6. Comparison of the local and global localization sequences shows that we have the following exact sequence for all n > 0.
It was proven in [BZ2] that the natural maps:
Hence, we obtain the following exact sequences.
Observe that for any field extension K ⊂ L we have the following exact sequence.
From (6.7) and (6.8) we obtain the following equality.
Remark 6.9. Observe that the conjecture B says that for each odd prime l we should have:
We can also look at the question of descent using the SK 1 description of Ktheory. Let L/K be a Galois extension with the Galois group G = G(L/K).
Proposition 6.10. The natural map:
Proof. Consider the following commutative diagram.
We observe that: 
and the proposition follows from the five lemma applied to the diagram (6.11).
Corollary 6.12. The isomorphism from proposition 6.10 induces the following isomorphism.
(6.14)
Remark 6.15. The diagram (6.14) implies that we have the following exact sequence.
Conditions for triviality of elements in W K n (F )
Let R be a commutative ring with identity. Let A ∈ E(R) and let us write A = i,j,λ e λ i,j in terms of elementary matrices. Proof. The proof is by induction on the number of elementary matrices. It is obvious for one such a matrix. Let B = (b ij ) 1≤i,j≤m ∈ GL(R) which commutes with elementary matrices e λ i,j ∈ E(R). For our computations we assume that i < j. The case i > j is similar. Consider products of matrices:
On the other hand:
Comparison of entries gives: b kj + λb ki = b kj for k = i. So, λb ki = 0. In the same way b il + λb jl = b il for l = j and λb jl = 0. At the end we compare the ij entries: b ij + λb ii = b ij + λb jj . This implies that λ(b ii − b jj ) = 0. So in particular if b ii = b jj , the ij entries of the matrices in question are equal. To continue observe that if A = Be λ i,j , where B is a product of pairwise commuting elementary matrices, then by inductive hypothesis B is a matrix with 1's on the main diagonal and the other entries are linear homogeneous polynomials od λ's. Let us denote a ij the entries of A. Hence the above comparison of entries shows that all the entries of A on the main diagonal are equal to 1. It is so because a rr = b rr = 1 for r = j. In addition a jj = b jj + λb ji = b jj = 1. Also all entries of A beyond the j-th column are just the same as the corresponding entries of B. Using again the comparison of entries due to the equation Be λ i,j = e λ i,j B we see that in the j-th column a kj = b kj + λb ki = b kj for k = i so this case follows by inductive hypothesis. On the other hand for k = i we have a ij = b ij + λb ii = b ij + λ because b ii = 1 by the induction.
Proposition 7.2. Let A ∈ SK 1 (F n ). Assume that for some finite prime v, A can be written as a product of elementary, pairwise commuting matrices in SL 1 (F h vn ). Then A determines a divisible element in SK 1 (F n ). . Hence by lemma 6.1 we get C m 0 = A in SL(F n ). Corollary 7.3. Let A ∈ SK 1 (F n ) be an element of W K n (F ). Assume that for some finite prime v, A can be written as a product of elementary, pairwise commuting matrices in SL(F h vn ). Then A determines a divisible element in SK 1 (F n ). Remark 7.4. Let A ∈ SL(F n ) be a matrix whose class mod E(F n ) is in W K n (F ) l . Proposition 7.2 and corollary 7.3 show, that if a matrix A is a product of pairwise commutative matrices in SL(F h vn ), for some v, then this matrix A gives a trivial class in SK 1 (F n ). Indeed, computations in proposition 7.2 and corollary 7.3 show that for each power l k of an odd prime number l we can find a matrix
Observe that actually A ∈ SL(O S,n ) for some finite set S of prime numbers containing l and B ∈ SL(O S,n ) by computations. Hence the class of A is divisible by all powers of l in a finite group K n (O S ) tor . Hence, the class of A must be trivial. This also follows from the corollary 7.6 below.
Let us note first that every elementary matrix with coefficients in any commutative ring can be written as a product of at most four unipotent matrices:
where U i (L i , respectively) denote upper (lower, resp.) triangular matrix with 1 on the diagonal cf. [vdK, LNM 966, p.358] . Conversely every upper or lower triangular matrix with 1 on the diagonal is clearly a product of elementary matrices, since we can bring such a matrix to the identity matrix by a series of elementary operations.
Proposition 7.5. Let R be a ring contained as a subring in S. Let A be a matrix in SL(R) such that it is a product of at most two unipotent triangular matrices with coefficients in S. Then the unipotent matrices have coefficients in R.
Proof. The case when A is a unipotent matrix is obvious. Let A be a product of two unipotent matrices: A = U L, where U is upper triangular and L is lower triangular. The case when A = LU is handled similarly. Let us put: 
The product U L is the matrix A with coefficients in R. Observe that multiplying rows of U by last column of L we can figure out that last column of U has coefficients in R. Also multiplying last row of U by columns of L we see that last row of L has coefficients in R. Now the argument goes by induction. Assume that last k columns of U and last k rows of L are already in R. Multiplying the m − k-th row of U by j-th column of L for j < m − k we get:
Hence, by the induction hypotheses l (m−k)j ∈ R for all j < m − k. In the same way, multiplying i-th row of U for i < m − k by m − k-th column of L we get:
Hence, by the induction hypotheses u i(m−k) ∈ R for all i < m − k. We proved that last k + 1 columns of U and last k + 1 rows of L are in R. The claim follows by induction.
Corollary 7.6. Let A ∈ SL(F n ) be a matrix whose class modulo E(F n ) is in W K n (F ). Let for some v the matrix A be a product in SL(F vn ) (or SL(F h vn )) of at most two unipotent triangular matrices or A be a product of four unipotent triangular matrices such that the first and fourth factors of this product have coefficients in F n . Then the class of A is trivial in W K n (F ).
Proof. Follows immediately from propostion 7.5. [B] in W K n (F ) and:
Proof. Let A ∈ SL(O n ) be a matrix whose class modulo E(O n ) is in W K n (F ). Any element in W K n (F ) can be represented in such a way by the exact sequence (6.8). Pick a prime ideal v and write:
where the matrices in the product have coefficents in O vn . The case when the product on the right of the last matrix equation starts with a lower triangular matrix is analogous. By remark 7.7 we can write:
where U 1 is a unipotent matrix with coefficients above main diagonal in the ring O n and U 1 is an unipotent matrix with coefficients above the main diagonal in (π v ) k O vn . Similarly, L 2 is an unipotent matrix with coefficients below the main diagonal in O n and L 2 is a unipotent matrix with coefficients below the main diagonal in (π v ) k O vn . Hence, we get:
Matrices A and B = U are in the same class modulo E(O n ). Again by remark 7.7 we can also write:
where U 2 is a unipotent matrix with coefficients above main diagonal in the ring O n and U 2 is an unipotent matrix with coefficients above the main diagonal in (π v ) k O vn . Similarly, L 1 is an unipotent matrix with coefficients below the main diagonal in O n and L 1 is a unipotent matrix with coefficients below the main diagonal in (π v ) k O vn . We have the following equality: are in the same class modulo E(O n ). It is clear from (7.9) that:
